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Magnetogasdynamic Channel Flows
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Cornell University, Ithaca, N. Y.

The asymptotic behavior of small unsteady perturbations that are superposed on an
equilibrium magnetogasdynamic channel flow is considered. Only those channels with slowly
varying cross-sectional area and small characteristic width-to-length ratio are allowed, so that
variations along the channel are typically much smaller than are those across the channel.
Under these conditions and the provision that the current density inside the duct is small, a
set of ‘‘quasi-one-dimensional’’ equations is obtained. From the resulting set of hyperbolic
equations, the theory of characteristics provides certain compatibility relations that describe
the behavior of small disturbances of the steady channel flow, which are caused by some local
pressure fluctuation. Two distinct wave motions are present within the channel, and the
asymptotic behaviors of both are examined with the use of the aforementioned compatibility
relations. Itisshown that, under certain conditions on the magnetic-field distribution, wave
motions that lead to shock formation in ordinary gasdynamic flow will attenuate because of
the action of the magnetic field. Therefore, an instability is no longer predicted, and the
possibility of a stable or shockless flow, due to the action of a suitably placed magnetic field, is
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revealed.
Nomenclature Subscripts and Superscripts
. © = conditions at infinity
a = (3p/0p)y'!% ordinary speed of sound wall = values at the channel wall
A = dInQ/dz o . ) = values taken at constant entropy
B = (Bjg, By, 0), magnetic induction vector 0 = conditionsatt = 0
¢ = (a? 4 a?)V2, effective sound speed 1 = conditions at M, = 1
d = channel height at entrance * = equilibrium values
EI = ng, 1;41'1/, E(';z))y electrlg ﬁgl(%(;’?czor o O’ = derivatives with respect to the coordinate z
= z, Hy, 0), magnetic field intensity
h = (ha, hyy 0), induced magnetic field intensity _
i = electric current density in direction of z coordinate Introduction
7’ = perturbation electric current density .
1 = characteristic length of channel T has been known experimentally, for many years, that
M, = u/a, Mach number based on ordinary sound speed variable-area channel flows (Laval nozzles) that decelerate
M, = u/e, Mach number based on effective sound speed through the sonic point are unstable, in the sense that shock-
P = gas pressure wave formation is unavoidably associated with such flows.
p = equilibrium gas pressure The design of jet engines has always been such that this un-
q = (1}41, v,0), }Ye'lomty vector desirable phenomenon is made to occur as close to the section
Q) = channel height . of minimum area (the throat where the Mach number is
B = equilibrium gas density unity) as possible, in order to reduce shock losses
Rn = 4rucUd, magnetic Reynolds number . ? . ’
s — stability parameter In hght of the current researcl_l in the fields of magnetogas-
S = uH,2/4xpU?, interaction parameter dynamic gMQD) power ggnera‘mon anle space propulsion by
i = time, sec means of ionized gas flow in channels, it is of interest to con-
T = absolute temperature, °K s@der ’qhe propagation of \zveak but finite-amplitude wave mo-
U = equilibrium velocity in z direction tions in MGD channels in order to determine their asymp-
T, Y, 2 = Cartesian coordinates, defined in Fig. 1 totic behavior. It seems important to determine whether
z = ;{S}gablhtz’,fi}; ?fm?ter louit decelerating MGD channels, such as are used to generate
o = /1/ mp/u)!'?, Alfvén velocity electric power, are necessarily unstable in the same sense, and
B - ae . if so at what flow speed, or whether there are possibilities of
vy = ratio of specific heats . . . .
. — d/N suppressing shock_—wavq formatlon. It Is also of 1pterest to
£ = dH,/dy s;:le Wh?ther such instability may occur in accelerating MGD
£ = Ohy/dy channels.
M = magnetic permeability The theory of noulinear wave motion in a uniform gasdy-
Q = SRn namic medium was studied for the first time by Riemann! in
¢, ® 0, 2 = defined by Eq. (24) 1859. The concept of Riemann invariants in the theory of
P = gas density L. characteristics has subsequently been used with much success
o = Zlg’é?;;a‘l conductivity in various contexts.
" =
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The study of finite-amplitude waves that propagate with
the velocity of sound relative to some nonuniform fluid
motion2~* has led to a mathematical explanation of the sta-
bility of such wave motions in both accelerating and de-
celerating nonmagnetic channel flows. In particular, the
formation of shock waves in diffusers that decelerate through
the sonic point was predieted.

As the nonlinear steepening! was shown to be a function of
the specific type of initial wave motion (compression pulse or
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expansion pulse), the asymptotic behavior of waves in non-
uniform (accelerating or decelerating) flows was shown to be a
function of the nonuniformity?—* as well as the nature of the
initial disturbance.

The interaction of a magnetic field and a velocity field leads
to the creation of an additional body force, the Lorentz force,
when the fluid is a condueting medium, e.g., an ionized gas.
The effect of this force on the steady-state behavior of one-
dimensional channel flows (acceleration, deceleration, chok-
ing) has been discussed in detail.? The fact that constant-
area acceleration is made possible by this interaction and its
effect on the velocity field in general lead to the belief that
the stability of wave motions in MGD channels will be grossly
affected by this new magnetogasdynamic force.

The purposes of this paper are to examine the effect of a
magnetic field on the quasi-one-dimensional assumption of
ordinary gasdynamies, to consider the asymptotic behavior of
finite-amplitude wave motions, and to predict whether shocks
will form and what type of shocks, since there are many
possibly magnetogasdynamic discontinuities. The possible
elimination of shock waves by appropriately placed magnetic-
field distributions would, of course, lead to higher efficiencies
in the extraction of electrical power from supersonic ionized
gas flows and similarly reduce losses in propulsive systems
where shocks were previously unavoidable.

It will be assumed here that the electrical conductivity is a
scalar; i.e., Hall currents are neglected. Displacement cur-
rents, heat conduction, and viscous effects are also neglected.
The magnitudes of the magnetic Reynolds number, i.e.,
motion-induced effects, and of the interaction parameter, i.e.,
the effect of the magnetic field on the fluid, are prescribed by
the range of validity of the one-dimensional approximation.

Formulation

1. Governing Equations

When a magnetic field is applied transverse to the direction
of an undisturbed channel flow (Fig. 1), there is a tendency for
the magnetic lines of force to be stretched in the direction of
the equilibrium flow, because of the interaction between the
magnetic and velocity fields. This interaction is measured in
part by the magnetic Reynolds number R,,, where R, =
40U ud and d is a characteristic length, which in this case
is the channel height at entrance, or by the regulation of the
externally applied electric and magnetic fields; e.g., this is a
necessary condition when the fluid is perfectly conducting.

We consider here a compressible, two-dimensional flow of a
conducting fluid in a channel of variable cross-sectional area
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Fig. 1 Channel flow geometry.
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and finite length. We will allow only those channels for which
the height-to-length parameter is small. In other words, the
length that is characteristic of changes along the channel ([)
is much greater than the length characteristic of changes
across the channel (d), so that although variations along the
channel are not zero, they are still small compared to varia-
tions across the channel. We shall also assume that the cross-
sectlonal area varies slowly with the coordinate measured
along the flow direction; this is a necessary condition for any
one-dimensional channel-flow approximation.

The general two-dimensional equations are

Momentum
p(Dg/Dt) + Vp =j X B )
Mass Continuity
(0p/0t) +V:.pq = 0 2
Entropy
pT(Dy/Dt) = j%/¢ (3)
Ampere’s Law
V X h = 47j VXH,=0 (4)
Faraday’s Law
V X E = —u(dh/df) (5)
Ohm’s Law
j=0cE+qgXB) 6
State
p = pRT M
Two-Dimensionality
0/02=10 q = (u,v,0) ®

The last statement means that electrode boundary layers are
neglected and the flow properties are assumed uniform in the
(2) direction.

This set of equations can be reduced by stipulating the
aforementioned conditions on the channel-area variation and
the ratio of characteristic lengths. The important nondimen-
sional parameters that must be specified in this reduction
process are the magnetic Reynolds number and so-called
“interaction parameter” (S). By a very simple order-of-
magnitude analysis, it is possible to show that for the crossed-
fields channel a set of quasi-one-dimensional equations, very
similar to those equations applicable in ordinary gasdynamic
channels, can be derived.® Although it is generally true that
the transverse velocity component v and the transverse pres-
sure gradient are small in ordinary channel flows (of the type
being considered), it is possible that the transverse magnetic
body force will magnify these perturbations. The magnetic
Reynolds number, interaction parameter, and applied electric
field, as well as geometry, have a large influence on this
effect.

The usual averaging procedure of integrating across the
channel and replacing all flow variables by their average
values leads to the one-dimensional system, as the questionable
pressure gradient has zero for its average value. It is interest-
ing that, in the longitudinal momentum equation, the Lorentz-
force contribution remains completely unchanged, and that
after integration the current density becomes

dmj = (Oh./dy) — (Oh,/0x) ©)
where h, has been replaced by its average value and
ahx/ay = (hz)wall/Q(x)

This is not surprising, since we know” the major contribu-
tion to the current density in the equilibrium flow is repre-
sented by the term d4,/3y when the channels are of the type
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considered here. In other words, for arbitrary R., 4mj ~
Oh./dy or dh,/dy > Oh,/0x.” Some authors appear to have
the misconception that “one-dimensional’”’ in the channel flow
equations, implies no transverse gradients. This is only true
in what is termed “strictly one-dimensional” flow, or motion
for which there are no restrictions or boundaries in the trans-
verse or (y) direction. The channel-flow equations are “quasi-
one-dimensional”’ and it is only an approximation or averaging
process that eliminates transverse gradients in ordinary chan-
nel flows. For the magnetogasdynamic case, as we see, this
most certainly does not imply that all transverse gradients
are zero.

Although the averaging process is certainly a valid one, it
appears desirable to obtain a more exact derivation of the one-
dimensional equations, i.e., to determine the orders of magni-
tude of the nonuniformities and particularly those conditions
for which the transverse body force is unimportant. This is
done rigorously in Ref. 6 [with attention to the paper of
McCune and Sears” on the relative magnitudes of the two
terms on the right hand side of Eq. (9)]. The resulting equa-
tions governing the flow (to order € = d/I) are

27“+ua—u l@_"i@}<g_bb’”> (10)

dz | pox 47rp ox
p = constp” a* = vp/p (12)
Gro)ime) -0 o
£ = OH. OH., , Oh: _ (H.)wan (14)

dy  dy y Q@)

where H.., is due to any fringing of the applied magnetic field.
If H,, = const, then H., =0.

In deriving these equations, it has been postulated that the
parameter @ = SR., is of the order of the ratio of characteris-
tic lengths € = d/1 and that the nondimensionalized current
density j/4roUsH., 1s small. The problem can similarly be
done for j/4woU.H, of order one® with only a minor correc-
tion necessary. The latter case is realized when the magnetic
Reynolds number is small, whereas the former implies that the
channel flow is running very close to the no-load condition;
ie., E.,/UH,is approximately unity.

2. Characteristics

The general theory of characteristics for a nondissipative
magnetogasdynamic medium is deseribed fully by Friedrichs
and Kranzer?® From Eq. (10-14) we find that the appro-
priate propagation velocities, relative to the fluid motion, are
¢? = a? + a?and ¢? = 0, where a is the ordinary sound speed,
a = [(Op/dp),]¥2 and « is the Alfvén velocity, o =
H,/(4wp/u)V2. These “effective sound speeds’ are of course
in agreement with Ref. (8) for the crossed-fields geometry.
Therefore, we have plane wave propagation at absolute
velocities 4 4+ ¢ and u — ¢. The former are termed advanc-
ing waves and the latter receding waves.® In diffusers or de-
celerating channel flows (Fig. 2) both waves will travel into
the channel if there occurs some initial disturbance at the
entrance, whereas only a receding wave will enter the channel
following a disturbance at the exit.

In nozzle or accelerating-channel flows (Fig. 2) the only
possible wave motion due to any disturbance is the propaga-
tion of an advancing wave originating at the entrance. There
is a basic difference between these two types of wave motion,
because although advancing waves have the property that
they propagate through the channel and out to infinity, the
receding waves asymptotically approach the sonic point, which
is not necessarily the geometric throat as it is in ordinary gas-
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Fig. 2 Wave patterns for both decelerating and accelerat-
ing flows.

dynamics. The movement of the sonic point is due to the in-
duced magnetic field or current and is very significant in the
subsequent stability considerations. The growth or decay of
receding waves is therefore confined to the channel (finite in
length), whereas an infinite channel is postulated for the ad-
vancing waves.

The compatibility relations for the set of Eqs. (10-14) are

¢ Dilnp 1 Dyiu cud | pH, a?A
L T= R o= £ iy
5 Dt 2 Dt 5 Tt g 1Y
where
d InQ D, 2 o)
= = + o) =
4="7 Dt "wmte=Edy

The positive “characteristic” derivative D,/Dt corresponds
to a derivative along an advancing wave or across a receding
wave, whereas the negative derivative D_/Di{ is along a re-
ceding and across an advancing wave.

The subsequent analysis is a simple extension of a proce-
dure that was devised in Ref. 3 for the ordinary gasdynamic
channel flows. It is a perturbation technique, where a small
disturbance is superimposed on a steady flow and its subse-
quent behavior is traced via the compatibility relations.
This is much the same as the Riemann problem,! where a
small unsteady perturbation is superposed on a steady uniform
flow and leads to wave steepening if the initial pulse is of a
compressive nature. Let us assume that, because of some dis-
turbance at the exit (or entrance) of the channel, say a local
pressure fluctuation, an unsteady wave motion propagates
upstream (downstream) (Fig. 2) in a diffuser with a velocity
dx/dt = u — ¢. Behind the wave front there is a very com-
plicated system of unsteady wave motions, because of the re-
flections of the initial pulse which are caused both by area
change and the curvature of the magnetic field. The wave
front therefore separates the undisturbed flow from the un-
steady region. The behavior of the differential equations
are considered then only at the wave front of the initial pulse.

Since we are concerned here only with small perturbations
of nonvanishing amplitude, we stipulate, as a first approxima-
tion, that at the wave front or bifurcation of the two domains
the flow variables (p, u, @, etc.) undergo only very small
changes, and therefore, the unsteady coefficients in the dif-
ferential equations can be replaced in favor of their equi-
Hbrium values. Similarly, derivatives that propagate with
the wave can also be replaced with their steady-state values.
On the other hand, normal derivatives are direct functions of
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the initial disturbance and are not necessarily continuous
across the wave front; in fact, the jump in normal derivative
is some finite quantity and consequently these cannot be re-
placed by their equilibrium values. In terms of the charac-
teristic theory, we are simply employing the definition that
characteristic lines are lines across which normal derivatives,
but not the variables themselves, may be discontinuous.
Since the particle acceleration is prescribed by such normal
derivatives, and since the strength of the initial disturbance
is merely a function of the jump in acceleration across the
wave front, this quantity turns out to be a convenient sta-
bility parameter; i.e., the growth or decay of the acceleration
discontinuity implies the same for the disturbance and hence
the ultimate stability of the steady channel flow to such a dis-
turbance. A series of papers®—1! have been written which ap-
parently utilize this procedure; however, as explained in Ref.
6, the author appears to have made some fundamental errors.

The equations that describe the equilibrium channel flow
are

UU’ + ¢** R'/R = (uH,*/4TR)§* — a*?4  (16)
U'/U+ R'/R = —4 7
= (Hz"war/ Q) = £ + (Hy®)' (18)

where the primes denote differentiation with respect to the
axial coordinate (z), and the capital letters or stars denote un-
disturbed values. By some very obvious interchanges we
find the following two relationships:

e *2 — - Y %2

Zonr =1 = (- () +ema a9

UI 1 —_ 6*2 E(l)
7 M* = 1) = g ( + 4 (20)
Where M, is the usual Mach number, M, = u/a,and 372 =
(c/a)? =1+ (a/a)?

(w* = ha®)war/Q) = o(B* — UH,*)

From the definitions of the Alfvén velocity and ordinary
sound velocity the following conditions are obtained:

@’ = —[(v — D/2e*][UV" —
(1 = g*)(e™e*/H,M] (21
(a®' = a*/2[4 — (U'/1)] (22)

The induced current £¢,* affects the flow in a manner very
similar to the area change [see Eqs. (19) and (20)]. Because
of this phenomenon it is possible to accelerate or decelerate a
constant-area channel flow, i.e., propulsion (£4,* > 0) or
power generation (£qy* < 0). Whether such flows are ac-
celerating or decelerating depends on the entrance Mach
numbers, i.e., subsonic M, < 1 or supersonic M, > 1. From
(19) and (20) we see immediately that neither of the sonic
points M. = 1 or M, = 1 necessarily occurs at a geometric
throat. For £* < 0, it is found in the diverging section of the
channel, and for £* > 0, it is found in the converging section
of the channel.

For this characteristic theory we have noted that normal
derivatives are necessarily discontinuous across the wave
front and that some combination of these derivatives deter-
mines the asymptotic stability of the initial perturbations.
At first glance we might suspect that the stability parameter
is a direct analog of the parameter applicable in ordinary
channel flows,® which is related directly to the so-called Rie-
mann invariants P* = q/(y — 1) + w/2,Q* = a/(y — 1) —
u/2. In the compatibility relations (15), expressions similar
to a(d Inp/dx) + du/dx can be replaced by d[a/(y — 1) +
u/2]/0z = OP*/dz by using the isentropic relationship. The
acceleration jump is now directly related to dP*/dzx and
0Q*/dx and a great deal of simplicity results. In the case
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considered here, we have terms similar to ¢(® lnp/dz) +
du/0x, and although ¢ is only a function of the density, ¢ is a
function of the density and area variation,

¢t = a® + o = a’(p) + a®(p, Q) = a*p) + a(p, &

and a direct analogy is possible only for a constant-area duct.

Secondly, it has been argued that the flow variables change
very little across the wave front and that we can replace the
unsteady coefficients in the differential equations by their
equilibrium values. Since we have a magnetic field present,
it is necessary to be a little more careful. It is possible that
we have a weak wave in so far as the flow variables are con-
cerned but that large discontinuities in the magnetic field are
allowed. This might be the case if the wave were a current
sheet. From the continuity of the magnetic field we are im-
mediately assured of the continuity of the normal component
of the magnetic field . regardless of the wave strength, im-
plying that the unsteady (perturbation) current density 5’ is
given as 4wj’ = O0Oh,/Oz, whereas the steady-state cur-
rent density is, as previously stated, approximated by
4wj = Oh,/0y. Since the fluid is not perfectly conducting,
and since it has been shown that the current density (both
steady-state and perturbed components) is smallf we can
ignore the possibility of a current sheet. From Ampére’s law
we are guaranteed that there is no discontinuity in the trans-
verse magnetic field component k,; however, 0k,/0z ~ j
is discontinuous as we would expect.

The particle acceleration in the perturbed flow is Du/Dt and
can be directly related to the normal (in this case positive)
derivative of the velocity across the wave front. The equi-
librium acceleration is Du/Dt = UU’ and consequently the
acceleration jump is given by

(Du/Dt) — (DU/Dt) = —s (23)

where s can now be termed a stability parameter. If s tends
asymptotically to zero, the normal derivatives become con-
tinuous and the wave has dissipated, whereas if s tends to in-
finity, the derivatives grow; the assumed flow breaks down
and shock-wave formation is predicted.

It is convenient to define the following terms:

_ (i D+ 1np 1 D+u
T2 Dt 7T 2D
(24)
c* R’ U+ c*
— ¥ o L *) TV — gk = 2 Y T
d = ¢ 5 (U 4+ ¢% 7 =0 9 U
The compatibility relations then can be written as
cuA o A
o+ o= B 8_“) (25)
¢ D_ lnp 1D_u _ cud a A
=5 Db 2Dt 2 26)

where the letter I is used simply for convenience in the later
calculations. However, in view of the continuity assumption
we obtain the following relation, which reduces the problem
to that of one unknown instead of the original two, ¢ and .
Along the wave front

l[p—®]+[c—-2Z]=0 @7

The acceleration discontinuity can now be expressed as a func-
tion of these terms. Along the characteristic wave being

considered,
Du DU
A i

3. Differential Equation for s

The parameter s describes the asymptotic behavior of the
wave motion; consequently, it is desirable to find some dif-
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ferential equation that governs the behavior of s as the pulse
propagates through the channel. In particular for the reced-
ing waves considered here, we are interested in its growth near
the accumulation or sonic point, whereas for the advancing
waves, its growth at infinity is pertinent. Let us differentiate
the compatibility Eq. (27) along a positive characteristic,
ie.,

D+ I D+ [C D_ lnp 1 D_u] _

Dt Dt |2 Dt 2 Dt
é D+(u0) _ D+a2]
o e o LY
Also,
Do =) Dyl _
Dt Dt

<€b—l—n—p—la—u>[—g§(u+0)—%(u~6)]+

2 oz 2 oz
1 <D+ Inp D¢ DycD_ 1np>

2 Dt Dt Dt Dt

The addition of these two equations yields

D_(¢ — o) _ _A_ D (uc) . D+012]
bt 2 Dt Dt
1(DylnpD_c DicD_ lnp) n
2 Dt Dt Dt Dt

1[(Dy _ D- _1 P_+_D_—>]
i[(Dt_Dt)lnp c(Dt o )" *

Dw  De¢ Dyu D +c] ,
Dt e 2
[ T o ot T | TR 29)

The functions Z and Z’ contain only those quantities that
are continuous across the wave front and, as we shall see, they
need not be known explicitly. On the steady side of the wave
front this equation must also apply with ® replacing ¢ and 2
replacing o. If the latter is subtracted from the perturbed
Eq. (29), with all coeflicients replaced by their steady counter-
parts, and the relationship between ¢ and o being utilized
(27), we obtain the following differential equation for st:

D1
Dt s = 2% (J18% + J2s) (30)

Where
Ji =3+ (y — 2)8*
Jo = Ac*?/2[8M . * — 1 — (y — 2)B** — 3M.*yB**] —
c*U'/2[3 + (1/M.H] 8+ (v — 2)B*] =
C*A(B* — 1) — C*(M.%)' 3+ (1/MM]  (31)

The final differential Eq. (30) is a simple nonlinear equation
for the parameter s. The simplicity is due to the continuity
assumption, which causes the coefficients J; and J; to be fune-
tions of the equilibrium flow alone. The coefficient J; is a
function of the channel flow, geometry, and magnetic field.
For a uniform steady flow J; == 0 and what remains is a mag-
neto-hydrodynamic analog of Riemann steepening. Note
that J; is only slightly affected by the magnetic field, viz.,
v+1 < J1 £3,0 < B8* <1 and hence the steepening phe-
nomenon is relatively unchanged.

Solution

The problem has now been reduced to a solution of the non-
linear stability of the singular point s = 0. J; and J; are pre-

T See Ref. (6) for a complete derivation.
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scribed by the known steady channel flow, but the explicit
dependence on the streamwise coordinate (z) is not given.
Since the waves tend to accumulate at thesonic pointandreach
this region in a relatively short time, we shall consider the
behavior of the differential equation, as a first approximation,
in the neighborhood of the accumulation point, i.e., we replace
J1 and Js by their sonic values. The equation is now of the
type dz/dt = Ax? -+ Bz, where A and B are constants, and
from Liapunov’s first stability criterion, a sufficient condition
for the asymptotic stability (decay) of the nonlinear equation
is the asymptotic stability of the linear approximation,!?
dz/dt = Bz; i.e., the necessary stability condition is

B = Jy(M* = 1)/2¢* <0 (32)

This is obviously impossible for an ordinary decelerating non-
magnetic channel flow [see Egs. (31) and (32)] where 82 = 1,
but possible for the MGD case. However, this criterion pro-
vides only sufficient and not necessary conditions for the
stability, and therefore we cannot deduce anything concern-
ing the instability of the nonlinear equation from the linear
approximation. We shall subsequently show that these are
also necessary conditions as well. The sufficiency condition
could have been obtained directly for all x by noting that the
function —.Jbs is a Liapunov function for the system providing
that J, < 0.12 '

Up to this point we have only been able to obtain ap-
proximate, sufficient stability conditions, which might in fact
be too restrictive. To obtain further information we take a
slightly different approach and make the substitution z = 1/s.
The governing differential equation that was nonlinear in s is
linear in 2z and is identical to the equation obtained by Meyer,
although the coefficients are, of course, different:

(D_/Dt)yz = —1/2c*(J1 + 2J5) (33)
The solution can be written in integral form
L 1 ¢t Lo dt
<E>Z_ZO~§,]‘()J1E]Z;; (34:)
where
L 1 redy
7 exp2 fo pr dt (35)

and dz/dt = U — c¢* at the wave front, and at ¢ = 0, 2 = o,
z = 2. The constant 2y = 1/s,, which depicts the initial
displacement from equilibrium, is in general a large finite
quantity, since we are only interested in relatively small de-
partures from equilibrium. This implies that the initial
acceleration jump, which is inversely proportional to z, is
small and that the pulse does not have a large entropy change
associated with it as a shock wave might have. We have
postulated that this departure from equilibrium is in fact an
unsteady perturbation created by some local pressure change.
The relationship between s or z and this local unsteady pres-
sure fluctuation is (1/pc) (Qp/0f) = B%(1 — M.) = B2(1 —
M.)/z. The formula, which is valid at the wave front for the
receding waves, is a direct result of Egs. (10, 11, 19, 23, 24,
and 27). For a receding wave originating at the exit (or en-
trance), compression pulses correspond to positive values
of s or an increase in the acceleration from the equilibrium
flow to the perturbed flow, while expansion waves correspond
to negative values of s. It is interesting to note that, for some
given initial discontinuity sy, the required pressure change de-
creases as the strength of the magnetic field increases (8
decreases).

In the following discussion, we will postulate that the initial
value of the disturbance s is an arbitrarily small but nonzero
quantity. This assumption was implicit when the stability
of the singular point § = 0 in the nonlinear equation was dis-
cussed, for it might be possible to pick an initial value so large
(or so far from the singular point) that the solution would
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become unstable. In terms of the wave analysis, this would
mean an upper bound on the strength of the initial dis-
turbance. Table 1 will be useful and is merely stated here
for future reference.

As mentioned previously, the magnetic field, which has
only a slight effect on Jy, has a marked influence on the co-
efficient J,. In ordinary gasdynamic channel flows Ja(z) is
dependent on only one of the variables M., U, or A; in mag-
netogasdynamie channels, it is a function of any two of the
variables Mo, M., U, A, or £4y. Also of importance is the sign
of Jo(z), which for the case of zero magnetic field is a direct
function of the sign of M,’. Under the influence of a mag-
netic field both the sign and the behavior of J; can be altered.
For a given Mach-number distribution we can prescribe Jo(z)
arbitrarily and in turn determine the geometry and necessary
magnetic field distribution or more specifically the current
density as prescribed by Ohm’s law. Although the function
Jo(x) can assume almost any variation, we will consider two
distinct cases: the first in which it is positive and the second
in which it is negative or tends to zero negatively and slowly
enough. Since the asymptotic behavior of the wave is pre-
seribed mainly by the equilibrium flow in some neighborhood
of the sonic point and since the growth of the wave from the
point of inception to this neighborhood will be small for an
arbitrarily small initial disturbance, it is really necessary that
these conditions be satisfied only near the sonic point.

Proposition 1: J: > 0, Primarily as t — « or in the Vicinity
of the Sonic Point

This prescribes a channel flow which is very similar to an
ordinary decelerating channel flow for which M,’ < 0 and
B = 1, and therefore we would expect that the behavior of the
MGD waves will also be similar.

Since J» > 0 it is obvious that L/Ly — « ast— «, and as
depicted in Table 1, B4, s — « and an instability is pre-
dicted for the propagation of a compression pulse. On the
other hand the case for the expansion wave is not as clear [see
(A3)], because

lim z = lim (2 — A)/(L/Lg)

—> — o

where both A — o« and L/Ly — « ast— o. Since the
exact time (orz) dependence is not known, we appeal to the form
of the differential equation (33),* because if z < —J,/J,, then
D_z/Dt > 0, whereas if z > —J,/J, then D_z/Dt < 0. There-
fore, for any initial value z, z must asymptotically a pproach
—J1/Js as a limiting value. Therefore, at the sonic point we
find that

e, vur—1) + WU - v x

Dt
(1 — B[ — By — 1)]
‘{ B+ (v = 28" } (36)

the expansion pulse neither grows or dissipates, but attains

Table 1 Asymptotic behavior of stability parameter

A) TFor an expansion wave (2 < 0), as { = o

1) If L/Ly — 0 then 2~ — » and s = 0

2) If0 < L/Ly < o thenz— — o and s =0

3) If L/Ly — o then the integral solution provides an indeter-
minate result for 2

B) For a compression wave (2, > 0), as { = o

1) If L/Ly = o(t=1+9), where ¢ > 0, then the integral solution
provides an indeterminate result for 2

2) If L/Ly = o(t), then z passes through zero at some time ¢ £ «

3) If 0 < L/L; < , then z passes through zero at some time
1<

4) If L/Ly — o, then z passes through zero at some time ¢ £ o«
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some new equilibrium value that is greatly affected by the
magnetic field. We see that, when 82 = 1®or 82 = 1/(2y —
1), the unsteady acceleration approaches, as its equilibrium
value, the negative of the steady-state value or the value
appropriate to an accelerating channel. The equilibrium value
varies considerably with other values of 38 and the sign of
£q, 1.e., whether it is acting as a generator or an accelerator.

Proposition 2: J, <0or (J;))7! = o(—t/(1 + e)) as t > o,
where ¢ > 0

This is the more interesting of the two categories since it
cannot occur in ordinary gasdynamic decelerating channel
flows. It is possible here only because the applied magnetic
field can effectively move the sonic transition point into the
diverging section of the channel. For expansion waves, case
Al of Table 1 is appropriate, and therefore, such waves
will attenuate, so that the equilibrium channel flow is “‘sta-
blet” to these disturbances. If there are conditions for which
compression pulses also  attenuate, shockless decelerating
channel flows with applied magnetic fields are possible.
Based on the conditions that define proposition 2, we find
immediately that

L/Ly = 0@¢~—4%e) or L/Ly—0 as t— o

. t‘]l tlJ? ” ’
A—fO%(expﬁ) Z—Cdt>dt—»Ao<m 37)

lim z = (zp — A)/(L/Ly)

]

and

since

the wave will attenuate providing
20> Ay or s < (Ag)! (38)

In other words, the strength of the initial perturbation must
not exceed some prescribed value, which is a direct function of
the strength of the magnetic field, because a larger magnetic
field implies a larger negative value of J; and in turn a smaller
Aq [see Eq. (31)]. Hence, by increasing the magnetic field,
the upper bound for initial disturbances that will decay and
render the flow ‘“‘stable” is also increased. Since only arbi-
trarily small perturbations are being considered here, we
postulate that large departures from equilibrium would not be
contained in this classification and might imply that a shock-
wave or entropy discontinuity was being introduced into the
channel. Therefore, MGD decelerating channel flows are
“stable’” to all disturbances (receding wave motions) provid-
ing the conditions on Proposition 2 are satisfied. The neu-
tral-stability condition is then J; = 0, or

Q/QB* =1 — (M*)B + 1/M* =0 (39

where 8¥2 = 1 + KQ*R"~» K = const
For the special case of ¥ = 2 the condition for neutral sta-
bility can be integrated in closed form, and we find that

(1 — B2)(Q/Q)* = e®™ ~b/M .2 — f* (40)

where all quantities are equilibrium values (stars have been
dropped). Subscript one denotes values where M. is unity.
This equation is a very sensitive function of the parameter
B: as illustrated in Fig. 3.

Figure 3 defines the Mach-number distribution that is re-
quired in order to insure a stable decelerating channel flow.
For a given value of B8;, the graph depicts lines of neutral
stability, and any equilibrium Mach-number distribution
above this line, ie., lower Mach-number gradient, implies

{ The word “stable’” is used loosely to define flows for which
instability is not predicted, since all wave motions aftenuate;
hence, the possibility of a stable condition exists.
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attenuation of all disturbances, whereas steeper distributions
lead to an instability. As the magnetic field strength is in-
creased, the region for which a “‘stable’” flow exists is also in-
creased. However, the biggest changes occur significantly
theinstantany magneticfield is applied, because in the ordinary
nonmagnetic channel flows, there isno decelerating flow that is
“stable,” whereas for 81 = 0.99 (approximately 200 gauss at a
gas pressure of one atmosphere!), a large class of distributions
is already possible. As the strength gets very large, a limit
line is approached [see Eq. (40) as 5; — 0].

Up to this point, we have only considered the motion of the
receding waves. We have already explained that, unlike this
type of wave motion, which leads to accumulation within the
channel, advancing waves propagate through any finite-
length channel, and although shock-wave formation might be
predicted, only by considering an infinitely long channel are
we guaranteed that the pulse has not passed out of the exit
before a shock wave has formed. The analyses are identical,
with the exception that infinite time is now comparable to
infinity in the downstream direction (z — «), and is carried
out in detail in Ref. (6). The result of this analysis is the cal-
culation of the appropriate downstream channel-area varia-
tion, which insures attenuation of all wave motions. Inone
particular case where the steady-state current density is as-
sumed to be zero beyond some station in the channel we find
the following asymptotic conditions on the channel area Q:

—{4/[1 +1/8x?+ (1 - BB -~ M| o> o
Qx
as x— o (41)

‘When the magnetic field is zero, we recover Meyer’s condition®
}Qx‘ﬂ—» © as T —> ©

While for 8.2 = %, we find that for v = 2
|Q. 8% = o as z— o (42)

In fact, as 8. approaches zero, the required geometry at in-
finity approaches a constant-area channel. Several other
cases are treated in Ref. (6).

Conclusion

It has been shown that the application of a perpendicular§
magnetic field can in certain instances have a stabilizing effect
on decelerating channel flows. Although it has not been
shown explicitly, it is also true that the magnetic field can
have a destabilizing effect as well. Most significant is the
result that even relatively small applied magnetic fields yield
large areas where all wave motions attenuate. The instabili-
ties that are predicted for ordinary gasdynamic channel flows
are no longer a result of the theory, and the possibility of a

§ For the aligned—ﬁelds. case see Ref. 6.
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stable decelerating supersonic flow exists. Finally, the size of
the domains for which all perturbations decay increases as
the strength of the magnetic field increases.

References

1 Riemann, B., “Uber die Fortpflanzung ebener Luftwellen
von endlicher Schwingungsweite,”” Gott. Abh. 8, 43 (1859).

¢ Kantrowitz, A., “The formation and stability of normal shock
waves in channel flows,”” NACA TN 1225 (1947).

¢ Meyer, R. E., “On waves of finite amplitude in ducts,” Part
1. wave fronts,” Quart. J. Mech. Appl. Math. 5, 257-269
(1952).

¢ Meyer, R. K., “On waves of finite amplitude in ducts,”’ Part
2. Waves of moderate amplitude,” Quart. J. Mech. Appl. Math.
5, 270-291 (1952).

5 Resler, E. L., Jr. and Sears, W. R., “The prospects for mag-
netohydrodynamics,”” J. Aerospace Seci. 25, 235-246 (1958).

6 Rubin, S. G., “On the propagation of small amplitude waves
in magnetogasdynamic channel flows,”” Ph.D. Thesis, Cornell
Univ. (June 1963).

"7 MecCune, J. E. and Sears, W. R., “On magneto-hydrody-
namiec channel flow,”” J. Aerospace Sci. 27, 139-140 (1960).

8 Friedrichs, K. O. and Xranzer, H., “Notes on magneto-hy-
drodynamies VIII, nonlinear wave motion,”” New York Univ.
Rept. NYO-6486 (July 1958).

9 Naze, J., “Sur la stabilité des écoulements dans les tuyeres de
section lentement variable,”” Compt. Rend. Acad. Sci. 246,
3316-3319 (June 1958).

v Naze, J., “Etude de la stabilité des écoulements de Resler-
Sears,”” Compt. Rend. 248, 362-365 (January 1959).

11 Naze, J., “Sur certains écoulements quasi rectilignes d’un
fluide doué de conductivité électrique finie,”” Compt. Rend. 248,
525-528 (January 1959).

12 Struble, R. A., Nonlinear Differential Equations (McGraw-
Hill Book Co., Inc., New York, 1962).



